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Picard Categories

e Groupoid
@ Symmetric monoidal
@ Group-like:
o Forall X, thereisa Ysuchthat X@ Y =Z/I=ZY X

@ Essential data:
o mo(%) = Obj(¢)/ =
o m(¥)=%(l1)

°o K: Fo((g) = 71'1((5),
X = Bxx € C(X®X,X®X)=m(7)
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o Pic(R) := R-Mod;,,, for R € CRing
e Note: mo(Pic(R)) = pic(R)
e M X for X € Q?Top
e Z, “Super Integers”
Z7)2, ifn=m

o Obj(Z)=17Z, Z(n,m) =
0, else

o Call Z(n,n) = {£1,}

o (B:n+tm—om+n)=(-1p1m)"

Michael Horst Osu



Main Result

Michael Horst 0osu



Main Result

The forgetful functor U : Pic — Grpd has a left adjoint given
by

Z[_] : Grpd — Pic.

Michael Horst 0osu



Main Result

The forgetful functor U : Pic — Grpd has a left adjoint given
by

Z[_] : Grpd — Pic.

Specifically: For ¢4 € Grpd and 7 € Pic,
Pic(Z2|¥9], &) ~ Grpd(¥Y, o)

as Picard categories, natural in ¢ and 7.
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Free Picard Category

For 4 € Grpd, define Z[¥] € Pic

k
e Obj(Z[¥]): Zn,-.G,-, fornj€ Z and G; € 4

i=1

0
o 0 ::Z
i=1

@ Monoidal product: concatenation
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Free Picard Category

o Mor (Z[¥]): generated under + and o by
o +1,.g:nG — nG',forg: G — G €¥
o 3:nG+nG — G +nG
e 0:(n+zn")G—nG+n'G
o (:0,G—0
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Free Picard Category

@ These morphisms subject to

o (f.g)o(f'.g)y=(fof").(gog’), for f,f" € Mor(Z),
g,8 € Mor(9)

e + is functorial with respect to o

Braided hexagon

e That 3,4, and ¢ are monoidal natural

BofB=Id

(n+z 0 +2+0")G —— (n42 )G +n"G

| [

nG +(n +2n")G —3=> nG+n'G+n"G
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Free Picard Category

(n+2n')G LN (' 42 n)G

| I
nG +nG — n"G+ nG

(07 +2 n)G —2 0,G + nG

-| 2C

HGT>0+HG

e Note: nG + (—n)G = (n—n)G =0,G =0
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Proof Highlights

o Grpd(¥, %) > F — F € Pic(2]¥9], &)
o F(n.G) =3, sen(n)F(G)
o F(XmGi+Xn.6) =F(CnG)+F(n.q)
o F(lng:n.G—nG) =3, sgn(n)F(g)

o F(—114nldg) = Kr(G) + X5 sgn(n)lde(c)

.n
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° u(f): F
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Proof Highlights

o Pic(2[¥], /) > F — .F € Grpd(¥Y, <)

o .F(G) = F(1.G)
o F(g:G— G')=F(l1.9)

o (F)=F
° F(nG) = F(ZM sgn(n).c) =~ ¥, F(sgn(n).G)

=) nsen(n)F(1.6) = WF(n.G)
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Group rings and the free module

For 4 € Pic, Z[G] categorifies the group ring, in that

Pic — =, CMon(Pic, *)

G
Ab — —— CMon(Ab, ®)
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Group rings and the free module

Definition
For 4 € Pic, ¥-Mod := PsFunk (X¢, Pic)

If # € 9-Mod, then ¥-Mod (2|¥Y], #) ~ .«

Example use case:
o H" (Y, #) = R"Y-Mod (Zyiy, ) (M)
e Compute H"(Z/2;Z) via resolving Z:

o 2022 = 2[Z)2) = 2[Z/2] = 2
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Group rings and the free module

Definition
For 4 € Pic, ¥-Mod := PsFunk (X¢, Pic)

If # € 9-Mod, then ¥-Mod (2|¥Y], #) ~ .«

Example use case:
o H" (Y, #) = R"Y-Mod (Zyiy, ) (M)
e Compute H"(Z/2;Z) via resolving Z:

.= 2[2)2) = Z|Z)2] — Z[Z/2) — Z
and take cohomology of
7Z/2-Mod (Z[Z/2],2) — Z/2-Mod (Z[Z/2],Z) — ...
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